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Abstract
We have investigated the strong gravitational lensing for the photons coupled to Weyl tensor in a
Schwarzschild black hole spacetime. We find that in the four-dimensional black hole spacetime the
equation of motion of the photons depends not only on the coupling between photon andWeyl tensor,
but also on the polarization direction of the photons. It is quite different from that in the case of
the usual photon without coupling to Weyl tensor in which the equation of motion is independent of
the polarization of the photon. Moreover, we find that the coupling and the polarization direction
modify the properties of the photon sphere, the deflection angle, the coefficients in strong field
lensing, and the observational gravitational lensing variables. Combining with the supermassive
central object in our Galaxy, we estimated three observables in the strong gravitational lensing for
the photons coupled to Weyl tensor.
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2I. INTRODUCTION
The interaction between the electromagnetic and gravitational fields should be important in physics because
the electromagnetic force and gravity are two kinds of fundamental forces in nature. In the Lagrangian
of the standard Einstein-Maxwell theory, only the quadratic term of Maxwell tensor is related directly to
electromagnetic and gravitational fields, which can also be looked as the interaction between Maxwell field
and the spacetime metric tensor. However, the interactions between electromagnetic field and curvature tensor
are not included in this electromagnetic theory. Drummond et al.[1] found that such kind of the couplings
could be appeared naturally in quantum electrodynamics with the photon effective action originating from
one-loop vacuum polarization on a curved background spacetime. In this effective field theory, all of the
coupling constants are very small and their values are of the order of the square of the Compton wave length
of the electron λe since the coupling between electromagnetic field and curvature tensor is just a quantum
phenomenon in this case. However, the models with arbitrary coupling constant have been investigated widely
in refs. [2–8] for some physical motivation. In order to explain the power-law inflation in the early Universe and
the large scale magnetic fields observed in clusters of galaxies, Turner et al [2, 3] reconsidered Drummond’s
model [1] with the arbitrary coupling constant and found some interesting effects on the electromagnetic
fluctuations. Ni [4] proposed a classical generalized electromagnetic model in which electromagnetic field is
interacted with curvature tensor through some special coupled terms. Considering that the coupling between
electromagnetic field and curvature tensor should be emerged reasonably in the region near the classical
supermassive compact objects at the center of galaxies due to their strong gravity and high mass density, Ni’s
model has been investigated widely in astrophysics [5, 6] and black hole physics [7, 8]. These investigation
show that the coupling term modifies the equations of motion both for the electromagnetic and gravitational
fields, which could yield time delays in the arrival of gravitational and electromagnetic waves.
Weyl tensor is an important tensor in general relativity, which describes a type of gravitational distortion
in the spacetime. The couplings between Maxwell field and Weyl tensor can be treated actually as a special
kind of interactions between electromagnetic field and curvature tensors since Weyl tensor is a function of
Riemann tensor Rµνρσ , the Ricci tensor Rµν , and the Ricci scalar R. The electromagnetic theory with Weyl
corrections have been investigated extensively in the literature [9–14]. It is shown that the couplings with
Weyl tensor change the universal relation with the U(1) central charge in the holographic conductivity in
the background of anti-de Sitter spacetime [9] and modify the properties of the holographic superconductor
3including the critical temperature and the order of the phase transition [10–14]. Moreover, we find that with
these couplings the dynamical evolution and Hawking radiation of electromagnetic field in the black hole
spacetime depend on the coupling parameter and the parity of the field [15].
According to general theory of relativity, photons would be deviated from their straight path when they
pass close to a compact and massive body, and the corresponding effects are called as gravitational lensing
[16–18]. The images of the source stars in the gravitational lensing carry the information about the source
stars and gravitational lens itself, which could help us to identify the compact astrophysical objects in the
Universe and examine further alternative theories of gravity in their strong field regime. Many investigations
[16–36] have studied the propagation of the free photons in the background spacetimes and probed the effects
of the spacetime parameters on the gravitational lensing. In general, gravitational lensing should be depended
both on the properties of the background spacetime and the behavior of the photon itself. Eiroa [37] has
studied the behavior of photons in Born-Infeld electrodynamics and found that in this case photons did not
follow geodesics of the metric but they followed geodesics of an effective metric depending on the Born-Infeld
coupling, which modifies the properties of the gravitational lensing. Therefore, it is of interest to probe how
the interaction between photon and spacetime curvature tensor affect the gravitational lensing. From the
previous discussion, we know that the couplings between Maxwell tensor and curvature tensor will change
the behavior of electromagnetic field in the background spacetime. It is well known that light is actually a
kind of electromagnetic wave, which means that these couplings will modify the propagation of photons in
the spacetime and lead to some particular phenomena of gravitational lensing. The deflection angle of the
photons coupled to Riemann tensor in the weak field limit have been studied in [1]. Since the weak field limit
takes only the first order deviation from Minkowski spacetime and it is valid only in the region far from the
black hole, it is necessary to investigate further the gravity lensing in the strong field region near the black
hole because that it starts from complete capture of the coupled photon and dominates the leading order in
the divergence of the deflection angle. Moreover, in order to probe the universal features of the deflection
angles of the photons coupled to spacetime curvature tensors, we here will study the strong gravitational
lensing in the Schwarzschild black hole as the photons couple to Weyl tensor, and then explore the effect of
these couplings on the deflection angle and the observables in the strong field limit.
The plan of our paper is organized as follows: In Sec.II, we derive the equations of motion for the photons
coupled to Weyl tensor in the four-dimensional static and spherical symmetric spacetime, which can be
obtained from the Maxwell equation with Weyl corrections by the geometric optics approximation [1, 38–41].
4In Sec.III, we will study the effects of these coupling on the photon sphere radius and the deflection angles
of light ray in a Schwarzschild black hole spacetime. In Sec.IV, we will study the physical properties of the
strong gravitational lensing for the coupled photons and then probe the effects of the coupling constant on
the coefficients and the observables of the gravitational lensing in the strong field limit. We end the paper
with a summary.
II. EQUATION OF MOTION FOR THE PHOTONS COUPLED TO WEYL TENSOR
In this section, we will derive the equations of motion for the photons coupled to Weyl tensor in the four-
dimensional static and spherical symmetric spacetime by the geometric optics approximation [1, 38–41]. We
begin with the action of the electromagnetic field coupled to Weyl tensor in the curved spacetime, which can
be expressed as [9]
S =
∫
d4x
√−g
[
R
16piG
− 1
4
(
FµνF
µν − 4αCµνρσFµνFρσ
)]
. (1)
Here Cµνρσ is the Weyl tensor, which is defined as
Cµνρσ = Rµνρσ − 2
n− 2(gµ[ρRσ]ν − gν[ρRσ]µ) +
2
(n− 1)(n− 2)Rgµ[ρgσ]ν . (2)
Here n and gµν are the dimension and metric of the spacetime. The brackets around indices refers to the
antisymmetric part. Fµν is the usual electromagnetic tensor with a form Fµν = Aν;µ − Aµ;ν . The coupling
constant α has the dimension of length-squared. Varying the action (1) with respect to Aµ, one can obtain
easily the corrected Maxwell equation
∇µ
(
Fµν − 4αCµνρσFρσ
)
= 0. (3)
In order to get the equation of motion of the photons from the above corrected Maxwell equation (3), one can
adopt to the geometric optics approximation in which the photon wavelength λ is much smaller than a typical
curvature scale L, but is larger than the electron Compton wavelength λe, i.e., λe < λ < L. This ensures that
the change of the background gravitational and electromagnetic fields with the typical curvature scale can be
neglected in the process of photon propagation [1, 38–41]. With this approximation, the electromagnetic field
strength can be written as
Fµν = fµνe
iθ, (4)
where fµν is a slowly varying amplitude and θ is a rapidly varying phase. This means that the derivative term
fµν;λ is not dominated and can be neglected in this approximation. The wave vector is kµ = ∂µθ, which can be
5treated as the usual photon momentum in the theory of quantum particle. The amplitude fµν is constrained
by the Bianchi identity
DλFµν +DµFνλ +DνFλµ = 0, (5)
which leads to
kλfµν + kµfνλ + kνfλµ = 0. (6)
This means that the amplitude fµν can be written as
fµν = kµaν − kνaµ, (7)
where aµ is the polarization vector satisfying the condition that kµa
µ = 0. The amplitude fµν has just three
independent components. Inserting Eqs.(4) and (7) into Eq.(3), one can obtain the equation of motion of
photon coupled to Weyl tensor
kµk
µaν + 8αCµνρσkσkµaρ = 0. (8)
Obviously, the coupling term with Weyl tensor affects the propagation of the coupled photon in the background
spacetime.
Let us now to consider a four-dimensional static and spherical symmetric black hole spacetime,
ds2 = −fdt2 + 1
f
dr2 + r2dθ2 + r2 sin2 θdφ2, (9)
where the metric coefficient f is a function of polar coordinate r. In order to introduce a local set of orthonor-
mal frames, one can use the vierbein fields defined by
gµν = ηabe
a
µe
b
ν , (10)
where ηab is the Minkowski metric and the vierbeins
eaµ = (
√
f,
1√
f
, r, r sin θ), (11)
with the inverse
eµa = (
1√
f
,
√
f,
1
r
,
1
r sin θ
). (12)
Defining the notation for the antisymmetric combination of vierbeins [1, 38]
Uabµν = e
a
µe
b
ν − eaνebµ, (13)
6we find that the complete Weyl tensor can be rewritten in the following form
Cµνρσ = A
(
2U01µνU
01
ρσ − U02µνU02ρσ − U03µνU03ρσ + U12µνU12ρσ + U13µνU13ρσ − 2U23µνU23ρσ
)
, (14)
with
A = − 1
12r2
[
r2f ′′ − 2f ′r + 2f − 2
]
. (15)
In order to obtain the equation of motion for the coupled photon propagation, one can introduce three linear
combinations of momentum components [1, 38]
lν = k
µU01µν , nν = k
µU02µν , mν = k
µU23µν , (16)
together with the dependent combinations
pν = k
µU12µν =
1
k0
(
k1nν − k2lν
)
,
rν = k
µU03µν =
1
k2
(
k0mν + k
3lν
)
,
qν = k
µU13µν =
k1
k0
mν +
k1k3
k2k0
nν − k
3
k0
lν . (17)
The vectors lν , nν , mν are independent and orthogonal to the wave vector kν . Using the relationship (17)
and contracting the equation (8) with lν , nν , mν , respectively, one can find that the equation of motion of the
photon coupling with Weyl tensor can be simplified as a set of equations for three independent polarisation
components a · l, a · n, and a ·m,
( K11 0 0
K21 K22 K23
0 0 K33
)( a · l
a · n
a ·m
)
= 0, (18)
with the coefficients
K11 = (1 + 16αA)(g00k0k0 + g11k1k1) + (1 − 8αA)(g22k2k2 + g33k3k3),
K22 = (1 − 8αA)(g00k0k0 + g11k1k1 + g22k2k2 + g33k3k3),
K21 = 24αA√g11g22k1k2, K23 = −24αA
√−g00g33k0k3,
K33 = (1 − 8αA)(g00k0k0 + g11k1k1) + (1 + 16αA)(g22k2k2 + g33k3k3). (19)
The condition of Eq.(18) with non-zero solution is K11K22K33 = 0. The first root K11 = 0 leads to the
modified light cone
(1 + 16αA)(g00k0k0 + g11k1k1) + (1− 8αA)(g22k2k2 + g33k3k3) = 0, (20)
7which corresponds to the case the polarisation vector aµ is proportional to lµ and the strength fµν ∝ (kµlν −
kν lµ). The second root K22 = 0 means that a · l = 0 and a ·m = 0 in Eq.(18), which implies aµ = λkµ and
then fµν vanishes [1]. Thus, this root corresponds to an unphysical polarisation and it should be neglected
for general directions of propagation of the coupled photon. The third root is K33 = 0, i.e.,
(1− 8αA)(g00k0k0 + g11k1k1) + (1 + 16αA)(g22k2k2 + g33k3k3) = 0, (21)
which means that the vector aµ = λmµ and the strength fµν = λ(kµmν − kνmµ). Therefore, the light-cone
condition depends on not only the coupling between photon and Weyl tensor, but also on the polarizations.
Moreover, the effects of Weyl tensor on the photon propagation are different for the coupled photons with
different polarizations, which yields a phenomenon of birefringence in the spacetime [38–41]. When the
coupling constant α = 0 the light-cone conditions (20) and (21) recover to the usual form without Weyl
corrections.
III. EFFECTS OF WEYL CORRECTIONS ON THE DEFLECTION ANGLES FOR LIGHT RAY
IN A SCHWARZSCHILD BLACK HOLE SPACETIME
In this section, we will study the deflection angles for light ray as photon couples to Weyl tensor in the
background of a Schwarzschild black hole, and probe the effects of the coupling and the polarization types on
the deflection angle.
For a Schwarzschild black hole spacetime, the metric function is f = 1 − 2Mr and then the light-cone
conditions (20) and (21) can be expressed as
(1 +
16αM
r3
)(g00k
0k0 + g11k
1k1) + (1− 8αM
r3
)(g22k
2k2 + g33k
3k3) = 0, (22)
for the photon with the polarization along lµ (PPL) and
(1− 8αM
r3
)(g00k
0k0 + g11k
1k1) + (1 +
16αM
r3
)(g22k
2k2 + g33k
3k3) = 0, (23)
for the photon with the polarization along mµ (PPM), respectively. The light cone conditions (22) and (23)
imply that the motion of the coupled photons is non-geodesic in the Schwarzschild metric. Actually, these
photons follow null geodesics of the effective metric γµν , i.e., γ
µνkµkν = 0 [42]. The effective metric for the
coupled photon can be expressed as
ds2 = −A(r)dt2 +B(r)dr2 + C(r)W (r)−1(dθ2 + sin2 θdφ2), (24)
8where A(r) = B(r)−1 = 1− 2Mr and C(r) = r2. The quantity W (r) is
W (r) =
r3 − 8αM
r3 + 16αM
, (25)
for PPL and
W (r) =
r3 + 16αM
r3 − 8αM , (26)
for PPM, respectively. For simplicity, we here just consider that both the observer and the source lie in the
equatorial plane in the Schwarzschild black hole spacetime and the whole trajectory of the photon is limited
on the same plane. With this condition θ = pi2 , we can obtain the reduced effective metric in the form
ds2 = −A(r)dt2 +B(r)dr2 + C(r)W (r)−1dφ2. (27)
For the photon moving in the equatorial plane (θ = pi2 ), we have k2 = 0 and kµ = (k0, k1, 0, k3). And then the
polarisation vectors lµ and mµ can be expressed further as
lµ = (−k1, k0, 0, 0), mµ = (0, 0,−k3, 0). (28)
This means that mµ is the polarization orthogonal to the plane of motion and lµ lies on the plane of motion
in this case.
In the four dimensional static spacetime (24) with cyclic coordinates t and φ, it is easy to obtain two
constants of motion of the geodesics
E = −g00x˙µ = A(r)t˙, L = g33x˙µ = C(r)W (r)−1φ˙. (29)
where a dot represents a derivative with respect to affine parameter λ along the geodesics. E and L correspond
to the energy and angular momentum of the coupled photon, respectively. Making use of these two constants
and kµ = dx
µ
dλ , one can find that the equations of motion of coupled photon can be expressed further as(
dr
dλ
)2
=
1
B(r)
[
E2
A(r)
−W (r) L
2
C(r)
]
. (30)
Comparing with Eqs.(8), (16) and (17) in ref.[15], we find that the equations of motion (30) correspond actually
to the radial equations of the electromagnetic perturbation with the even parity and the odd parity in the
geometric optics limit, respectively. For a coupled photon coming from infinite, the form of the deflection
angle in the Schwarzschild black hole spacetime is similar to that in the case without coupling [20]
α(r0) = I(r0)− pi, (31)
9where r0 is the closest approach distance. However, I(r0) depends on the polarization directions of the photon
in this case, i.e.,
I(r0) = 2
∫ ∞
r0
dr√
A(r)C(r)/W (r)
√
C(r)A(r0)W (r0)
A(r)W (r)C(r0)
− 1
, (32)
which means that the deflection angle of PPL is different from that of PPM. Obviously, as α → 0, one can
find that W (r)→ 1 and the deflection angle can be reduced to that of usual photon [20].
From Eqs.(25) and (26), we find that there is a singularity in Eq.(30) at rsin = (−16αM)1/3 for PPL and at
rsin = (8αM)
1/3 for PPM because the quantity drdλ in Eq.(30) is divergent at this surface. The position of the
singularity depends on the coupling parameter and the polarizations of the coupled photon. Considering that
a photon should propagate continuously in the region outside the event horizon, the coupling constant α must
satisfy r3H + 16αM > 0 (i.e., α > αc1 = −M2/2) for PPL, and satisfy r3H − 8αM > 0 (i.e., α < αc2 = M2)
for PPM. With this constraint, the singularity rsin lies inside the event horizon rH and it does not affect the
propagation of the photon. And then, we can use the usual methods [19, 26] to study the deflection angles
for the photon coupled to Weyl tensor in the background of a Schwarzschild black hole.
Using the photon sphere equation given in [19], one can obtain that in a Schwarzschild spacetime the impact
parameter and the equation of circular orbits of the coupled photon are
u =
√
C(r)
A(r)W (r)
, (33)
W (r)[A′(r)C(r) −A(r)C′(r)] +A(r)C(r)W ′(r) = 0. (34)
Here we set E = 1. As the coupling parameter α → 0, we find that the function W → 1, which results
in that the impact parameter and the equation of circular photon orbits for PPL are the same as those for
PPM. This means that gravitational lensing is independent of the polarization directions of the photon in the
case without the coupling. Substituting Eqs.(25) and (26) into equation (34), we can obtain the equation of
circular photon orbits
2(r3 + 16αM)(r3 − 8αM)(r − 3M)± 72αMr3(r − 2M) = 0. (35)
Here the signs “-” and “+” in the last term correspond to the cases of PPL and PPM, respectively. The
biggest real roots of equations (35) outside the horizon can be defined as the photon sphere radius of the
coupled photons. Obviously, the complex dependence of the equation (35) on the coupling parameter α yields
that we can not get an analytical form for the photon sphere radius for the coupled photons. With the help
of the numerical method, in Fig.1 we plot the dependence of the photon sphere radius rps for the coupled
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FIG. 1: Variety of the photon sphere radius rps with the coupling constant α in a Schwarzschild black hole spacetime.
The left and the right are for PPL and PPM, respectively. Here we set 2M = 1.
photons on the coupling parameter α. It tells us that with increase of α, rps increases for PPL and decreases
for PPM in the Schwarzschild black hole spacetime. This implies that the properties of gravitational lensing
for PPL is different from that for PPM. In other words, gravitational lensing for the photon coupled to Weyl
tensor depends not only on the coupling constant α, but also on the polarization directions of the photon.
Moreover, we also find that as the couple constant α tends to the critical value αc1 or αc2, the photon sphere
of the coupled photon is overlapped with the event horizon of the black hole.
IV. EFFECTS OF WEYL CORRECTIONS ON STRONG GRAVITATIONAL LENSING IN A
SCHWARZSCHILD BLACK HOLE SPACETIME
In this section, we will study the effects of the coupling with Weyl tensor on the coefficients and the
observables of the gravitational lensing in the strong field limit. Following the evaluation method proposed
by Bozza [26], we can define a variable
z = 1− r0
r
, (36)
and rewrite the integral (32) as
I(r0) =
∫ 1
0
R(z, r0)F (z, r0)dz, (37)
with
R(z, r0) = 2
W (r)r2
√
C(r0)
r0C(r)
= 2W (z, r0), (38)
F (z, r0) =
1√
A(r0)W (r0)− A(z,r0)W (z,r0)C(r0)C(z,r0)
. (39)
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The function R(z, r0) is regular for all values of z and r0, but the function F (z, ρs) diverges as z tends to
zero. This is similar to that in the Schwarzschild black hole spacetime without the coupling. Thus, one can
split the integral (37) into the divergent part ID(r0) and the regular one IR(r0)
ID(r0) =
∫ 1
0
R(0, rps)F0(z, r0)dz,
IR(r0) =
∫ 1
0
[R(z, r0)F (z, r0)−R(0, rps)F0(z, r0)]dz, (40)
where the function F0(z, r0) is obtained by expanding the argument of the square root in F (z, r0) to the
second order in z,
F0(z, r0) =
1√
p(r0)z + q(r0)z2
, (41)
with
p(r0) = − r0
C(r0)
{
W (r0)[A
′(r0)C(r0)−A(r0)C′(r0)] +A(r0)C(r0)W ′(r0)
}
,
q(r0) =
r0
2C(r0)
{
2
[
C(r0)− r0C′(r0)
][
A(r0)W (r0)C
′(r0)− C(r0)
(
A(r0)W (r0)
)′]
+ r0C(r0)
[
A(r0)W (r0)C(r0)
′′ − C(r0)
(
A(r0)W (r0)
)′′]}
. (42)
If r0 tends to the photon sphere radius rps, one can find that the coefficient p(r0) approaches zero and then
the integral (37) diverges logarithmically since the leading term of the divergence in F (z, r0) is z
−1. This
means that when the photon is close to the photon sphere, the deflection angle can be approximated as [26]
α(θ) = −a¯ log
[
θDOL
u(rps)
− 1
]
+ b¯+O[u − u(rps)], (43)
with
a¯ =
R(0, rps)
2
√
q(rps)
, bR = IR(rps),
b¯ = −pi + bR + a¯ log
[
2r2hsu(rps)
′′
u(rps)
]
. (44)
Here DOL is the distance between observer and gravitational lens. Substituting Eqs.(25) and (26) into equa-
tions (44), we can obtain the coefficients a¯ and b¯ in the strong gravitational lensing formula (43). In Figs.2-3,
we plotted numerically the dependence of the coefficients ( a¯ and b¯ ) on the parameter α. It is shown that
with the increase of α the coefficient a¯ decreases monotonously for PPL and increases for PPM. However, the
change of b¯ with α is more complicated. For PPL, the coefficient b¯ first increases up to its maximum with α
and then decreases down to its minimum with the further increase of α ; after that, it increases with α again.
12
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FIG. 2: Variety of the coefficient a¯ with the coupling constant α in a Schwarzschild black hole spacetime. The left and
the right are for PPL and PPM, respectively. Here we set 2M = 1.
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FIG. 3: Variety of the coefficient b¯ with the coupling constant α in a Schwarzschild black hole spacetime. The left and
the right are for PPL and PPM, respectively. Here we set 2M = 1.
The variety of b¯ with α for PPM is converse to that for PPL. The maximum and minimum of b¯ and their
corresponding values of α depend on the polarization of the coupled photons. Moreover, one can find that
the coefficient a¯ diverges as the couple constant α tends to the critical value αc1 or αc2, which implies that
the deflection angle in the strong deflection limit (43) is not valid in the regime α < αc1 for PPL and α > αc2
for PPM, which is consistent with the previous discussion. Therefore, the presence of the coupling makes the
change of the coefficients a¯ and b¯ more complicated because the effects of the coupling depend not only on
the values of the parameter α, but also on the direction of polarization of the coupled photon. Furthermore,
we plotted in Fig.4 the change of the deflection angles evaluated at u = ups + 0.003 with α for PPL and
PPM, respectively. We find that the deflection angles in the strong field limit have similar behaviors of the
13
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FIG. 4: Deflection angles in a Schwarzschild black hole spacetime evaluated at u = ups + 0.003 as functions of α. The
solid line and the dot-dashed line are for PPL and PPM, respectively. Here we set 2M = 1.
coefficient a¯, which means that the deflection angles of the light rays are dominated by the logarithmic term
in this case.
We are now in the position to study the effect of the coupling constant α and the direction of polarization of
the coupled photon on the observational gravitational lensing variables in the strong field limit. If the source
and observer are far enough from the lens, one can find that the lens equation can be simplified further as [27]
γ =
DOL +DLS
DLS
θ − α(θ) mod 2pi, (45)
where γ is the angle between the direction of the source and the optical axis. DLS and DOL are the lens-source
distance and the observer-lens distance, respectively. The angle θ = u/DOL is the angular separation between
the lens and the image. As in ref.[27], we here focus only on the simplest case in which the source, lens and
observer are highly aligned so that the angular separation between the lens and the n−th relativistic image
can be approximated as
θn ≃ θ0n
(
1− upsen(DOL +DLS)
a¯DOLDLS
)
, (46)
with
θ0n =
ups
DOL
(1 + en), en = e
b¯+|γ|−2pin
a¯ , (47)
where n is an integer and θ0n is the image position corresponding to α = 2npi. In the limit n → ∞, we
have en → 0, which means that the relationship among the asymptotic position of a set of images θ∞, the
observer-lens distance DOL and the minimum impact parameter ups can be rewritten as a simpler form
ups = DOLθ∞. (48)
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In order to get the coefficients a¯ and b¯, we need at least another two observations. As in refs.[26, 27], we
consider a perfect situation in which only the outermost image θ1 is separated as a single image and all
the remaining ones are packed together at θ∞. In this situation the angular separation s and the relative
magnitudes rm between the first image and other ones can be simplified further as [26, 27]
s = θ1 − θ∞ = θ∞e
b¯−2pi
a¯ ,
rm = 2.5 logR0 = 2.5 log
(
µ1∑∞
n=2 µn
)
=
5pi
a¯
log e, (49)
where R0 represents the ratio of the flux from the first image and those from the all other images. Through
measuring these three simple observations s, rm, and θ∞, one can estimate the coefficients a¯, b¯ and the
minimum impact parameter ups in the strong deflection limit. Comparing their values with those predicted by
the coupling theoretical model, we can extract the characteristics information stored in the strong gravitational
lensing and examine whether this coupling exists in the Universe.
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FIG. 5: Gravitational lensing by the Galactic center black hole. The change of the angular position θ∞ the coupling
constant α in a Schwarzschild black hole spacetime. The left and the right are for PPL and PPM, respectively. Here
we set 2M = 1.
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FIG. 6: Gravitational lensing by the Galactic center black hole. Variation of the angular separation s with the coupling
constant α in a Schwarzschild black hole spacetime. The left and the right are for PPL and PPM, respectively. Here
we set 2M = 1.
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FIG. 7: Gravitational lensing by the Galactic center black hole. Variation of the relative magnitudes rm with the
coupling constant α in a Schwarzschild black hole spacetime. The left and the right are for PPL and PPM, respectively.
Here we set 2M = 1.
The mass of the central object of our Galaxy is evaluated to be 4.4 × 106M⊙ and its distance from the
earth is around 8.5kpc [43], which means the ratio GM/DOL ≈ 2.4734 × 10−11 . Combing with Eqs. (44),
(48) and (49), we can estimate the values of the coefficients and observables in strong gravitational lensing
as the photon couples to Weyl tensor in a Schwarzschild black hole spacetime. We present the dependence
of these observables on the coupling constant α in Figs.(5)-(7). With the increase of the coupling constant
α, both the angular position of the relativistic images θ∞ and the relative magnitudes rm increase for PPL
and decrease for PPM. However, the variety of the angular separation s with α is converse to the varieties
of θ∞ and rm with α. Comparing with those for the photon without coupling to Weyl tensor, one can find
that the behaviors of three observables in this case become more complicated. The main reason is that the
coupling between the photon and Weyl tensor changes the equation of motion of the photon and makes the
propagation of the light ray more complicated.
V. SUMMARY
In this paper, we have investigated the equation of motion of the photon coupled to Weyl tensor and
the corresponding strong gravitational lensing in a Schwarzschild black hole spacetime. We find that the
coupling constant α and the polarization direction imprint in the propagation of the coupled photons and
bring some new features for the physical quantities including the photon sphere radius, the deflection angle,
the coefficients (a¯ and b¯) in the strong field lensing formulas, and the observational gravitational lensing
variables. With increase of α, the photon sphere radius rps increases for PPL and decreases for the photon
PPM in the Schwarzschild black hole spacetime. In the strong gravity limit, the coefficient a¯ decreases with
α for PPL and increases for PPM. The change of b¯ with α is more complicated. Moreover, we find that the
16
coefficient a¯ diverges as the couple constant α tends to the critical value αc1 or αc2. Combining with the
supermassive central object in our Galaxy, we estimated three observables in the strong gravitational lensing
for the photons coupled to Weyl tensor. It is shown that with the increase of the coupling constant α, both the
angular position of the relativistic images θ∞ and the relative magnitudes rm increase for PPL and decrease
for PPM. However, the variety of the angular separation s with α is converse to the varieties of θ∞ and rm with
α for two different kinds of coupled photons with different polarizations. These indicate that the gravitational
lensing depends not only on the properties of background black hole spacetime, but also on the polarization
of the coupled photon. It would be of interest to generalize our study to other black hole spacetimes, such as
rotating black holes etc. Work in this direction will be reported in the future.
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